Abstract: This paper reviews recent developments of robust estimation in linear time series models, with short and long memory correlation structures, in the presence of additive outliers. Based on the manuscripts Fajardo et al. (2009) and Lévy-Leduc et al. (2011a) , the emphasis in this paper is given in the following directions; the influence of additive outliers in the estimation of a time series, the asymptotic properties of a robust autocovariance function and a robust semiparametric estimation method of the fractional parameter d in ARFIMA(p, d, q) models. Some simulations are used to support the use of the robust method when a time series has additive outliers. The invariance property of the estimators for the first difference in ARFIMA model with outliers is also discussed. In general, the robust long-memory estimator leads to be outlier resistant and is invariant to first differencing.
Introduction
Let {X t } t∈Z be a stationary time series with spectral density that behaves like
where the spectral density h(ω) is a nonvanishing and continuously differentiable function with bounded derivative for −π ≤ ω ≤ π, and d < 0.5. A well-known stationary parametric model with the above spectral density is the ARFIMA(p, d, q) process, which is the solution of the equation
where η t =
Θ(B)
Φ(B) ǫ t is the ARMA(p, q) process, µ is the mean (here it is assumed that µ = 0), Φ(B) ≡ 1 − p j=1 φ j B j , Θ(B) ≡ 1 − q i=1 θ i B i and p and q are positive integers (Hosking 1981) . Φ(z) and Θ(z), with a scalar z, are polynomials with all roots outside the unit circle and share no common factors. d is the parameter that holds the memory of the process, that is, when d ∈ (−0.5, 0.5) the ARFIMA(p, d, q) process is said to be invertible and stationary. Besides, for d = 0, its autocovariance decays at a hyperbolic rate (γ(j) = O(j −1+2d )). For d = 0, d ∈ (−0.5, 0) or d ∈ (0, 0.5), the process is said to be short-memory, intermediate-memory or long-memory, respectively. The long-memory property is related to the behavior of the autocovariances, which are not absolutely summable and the spectral density becomes unbounded at zero frequency. In the intermediate-memory region, the autocovariances are absolutely summable and, consequently, the spectral density is bounded.
The spectral density function of {X t } t∈Z is given by
, ω ∈ [−π, π].
f X (ω) is continuous except for ω = 0 where it has a pole when d > 0. A recent review of the ARFIMA model and its properties can be found in Palma (2007) and Doukhan et al. (2003) . Many estimators for the fractional parameter d in long-memory time series have already been proposed in the literature. Among them are the semiparametric procedures, a group which includes a wide variety of estimators based on the Ordinary Least Square (OLS) method. These procedures require the use of the spectral density parameterized within a neighborhood of zero frequency. Some references on this subject include the works of Geweke & Porter-Hudak (1983) , Reisen (1994) and Robinson (1995a) , among others. An overview of long-range dependence processes can be found in Beran (1994) and Doukhan et al. (2003) .
Time series with outliers or atypical observations is quite common in any area of application. In the case where the data is time-dependent, several authors such as Ledolter (1989) , Chang et al. (1988) and Chen & Liu (1993) have studied the effect of outliers in a time series that follows ARIMA models. In general, they have concluded that the parameter estimates of ARMA models become more biased when the data contains outliers. Similar conclusion is also observed when estimating the fractional parameter in ARFIMA models. The outliers cause a substantial bias in the differencing parameter (Fajardo et al. 2009 ).
An autocovariance robust function was proposed by Ma & Genton (2000) . The asymptotical properties of this function are studied by Lévy-Leduc et al. (2011a) . The results presented in Fajardo et al. (2009 ), Lévy-Leduc et al. (2011a and Lévy-Leduc et al. (2011b) are the motivations of this paper. The impact of outliers in the estimation of ARFIMA models under different context is here studied. The asymptotical properties of a robust autocovariance function is discussed and some empirical examples are used to illustrate the usefulness of a robust fractional parameter estimator. The invariance property of the estimator to the first difference is also empirically studied. The outline of this papers is as follows: Section 2 discusses the model and the impact of the outliers in time series. Section 3 summarizes the main results related to the robust autocovariance estimator given in Lévy- Leduc et al. (2011a) and discusses the robust estimation of the fractional parameter in the ARFIMA model. Section 4 presents some empirical studies and an application is discussed in Section 5. Concluding remarks and future directions are given in Section 6.
The impact of outliers in time series
Suppose x 1 , . . . , x n is a partial realization of {X t } t∈Z . Hence, the periodogram function is defined as I x (ω) = (2πn) −1 | n t=1 x t e iωt | 2 . It follows that, when d = 0 in the ARFIMA model,
where Priestley (1981) ) and I ǫ (·) is the periodogram of the residuals. From Equation 1.1 and Theorem 6.1.1 in Priestley (1981) , asymptotic sample properties of Ix(ω) fX (ω) are derived and they are summarized as follows. If {ǫ t } t∈Z are normally distributed, for a fixed set of values of the Fourier frequencies ω j = 2πj n , j = 1, . . . , ⌊n/2⌋, where ⌊·⌋ means the integer part, asymptotically the set of variables
2 . At ω = 0 and π, the distributions are χ 2 1 (for details see Priestley (1981) ). These asymptotic results for the periodogram lead to E Ix(ωj ) fX (ωj ) → 1 and var
The above results establish the unbiasedness and inconsistency properties of I x (ω j ). Due to the singularity of f X (ω) when d > 0, the standard results of the asymptotic distribution of the periodogram discussed previously can not be applied to I x (ω j ) for small and fixed j. Hurvich & Beltrão (1993) showed that
depends on j and d, and exceeds unity for most d = 0 (Künsch (1986) ; Robinson (1995b) ). For j = k,
fX (ω k ) are correlated, and for a fixed value j and Gaussian processes, the limiting distribution of Ix(ωj ) fX (ωj ) is not exponential (Robinson 1995b) . That is, under the Gaussian assumption, Hurvich & Beltrão (1993) show that the normalized periodogram
where χ 1 and χ 2 are variables with Chi-squared distribution with one degree of freedom,
Let {Z t } t∈Z be a process contaminated by additive outliers, which is described by 6) where m is the maximum number of outliers; the unknown parameter ω j represents the magnitude of the jth outlier, and Y j,t (≡ Y j ) is a random variable (r.v.) with probability distribution Pr (
is based on the parametric models proposed by Fox (1972) . Y j is the product of Bernoulli(p j ) and Rademacher random variables; the latter equals 1 or −1, both with probability 1 2 . X t and Y j are independent random variables. Some results related to the effects of outliers on the spectral density and on the autocorrelation functions of {Z t } t∈Z are presented as follows. 
ii. The spectral density function of {Z t } is given by
where f X (ω) = 1 2π
Proposition 2.1 states that γ z (h), for h = 0, depends on var(Y j ). γ Z (0) increases with var(Y j ) (see the proof in Fajardo et al. (2009) ). This relation between R Z (0) and var(Y j ) will certainly affect the model parameter estimates because it reduces the magnitude of the autocorrelations and introduces loss of information on the pattern of serial correlation (see also Chan (1992 Chan ( , 1995 )) The spectral form of {Z t } t∈Z (Model 2.6) when {X t } t∈Z follows an ARFIMA(p, d, q) model is given in the next lemma.
LEMMA 2.1. Let {X t } t∈Z be a stationary and invertible ARFIMA(p, d, q) process. Also, let {Z t } t∈Z be such that
where m is the maximum number of outliers, the unknown parameter ̟ j is the magnitude of the jth outlier and Y j is a r.v. with probability distribution Pr (
The proof of Lemma 2.1 follows directly from Proposition 2.1. The effects of an outlier on the sample autocovariance function and on the periodogram are given below. PROPOSITION 2.2. Let z 1 , z 2 , . . . , z n be generated from Model 2.6 with one outlier, and let the outlier occur at time t = T with h < T < n − h. It follows that:
i. The sample ACOVF is given by
where
ii. The periodogram is given by
These results show that outliers may substantially affect the inference performed on stationary models by revealing that there is information loss in the serial correlation dynamics of the process, which is translated into the parameter estimation process.
The autocovariance and spectral density robust functions

The autovariance function
Ma & Genton (2000) proposed a scale covariance estimator which is based on Q n (·), defined in the sequel, and on the following covariance identity imsart-generic ver. 2011/11/15 file: reisenfajardo.tex date: December 30, 2011 Rousseeuw & Croux (1993) proposed a robust scale estimator function Q n (·) which is based on the τ th order statistic of n 2 distances {|η j − η k |, j < k}, and can be written as
where η = (η 1 , η 2 , . . . , η n ) ′ , c is a constant used to guarantee consistency (c = 2.2191 for the normal distribution) and τ = (
Based on identity (3.1) and on Q n (·), Ma & Genton (2000) proposed a highly robust estimator for the ACOVF:
where u and v are vectors containing the initial n − h and the final n − h observations, respectively. The robust estimator for the autocorrelation function (ACF) is
.
It can be shown that
| ρ Q (h)| ≤ 1 for all h.
Influence Function and Breakdown Point.
Influence Function (IF) is an important tool to understand the effect of the contamination of an outlier in any estimator. To define IF supposes that the empirical cumulative distribution function F n of x 1 , ..x n , adequately normalized, converges. Following Huber (2004) , the influence function x → IF (x, T, F ) is defined for a functional T at a distribution F and at point x as the limit
where δ x is the Dirac distribution at x. Breakdown Point (BP) indicates the largest proportion of outliers that the data may contain such that the estimator still gives some information about the distribution of the outlier-free data (Maronna et al. (2006) ). Rousseeuw & Croux (1993) showed that the asymptotic BP of Q n (·) is 50%, which means that the data can be contaminated by up to half of the observations with outliers and Q n (·) will still yield sensible estimates.
The classical notion of sample BP of a scale estimator S n (·) is given in Definition 3.1.
′ be a sample of size n. Let η be obtained by replacing any m observations of η by arbitrary values. The sample breakdown point of a scale estimator S n (η) is given by The above BP definition holds for a scale estimator function of a time invariant random sample. As noted by Ma & Genton (2000) , in time series, the estimators are based on differences between observations apart by various time lag distances and usually have a BP with respect to these differences. Then, the time location of the outlier becomes important (see also, for example, Ledolter (1989) ). Therefore, the authors introduced the following definition of a temporal sample breakdown point of an autocovariance estimatorγ η (h) based on (3.1).
Definition 3.2. Let η = (η 1 , η 2 , . . . , η n ) ′ be a sample of size n and let η be obtained by replacing any m observations of η by arbitrary values. Denote by I m a subset of size m of {1, 2, . . . , n}. The temporal sample breakdown point of an autocovariance estimatorγ η (h) is given by
where u and v are derived from η as in (3.3).
Remark 1. The relation between the classical sample and the temporal sample breakdown points can be expressed by the following inequality (Ma & Genton (2000) ):
It then follows that since the sample breakdown point of the classical autocovariance estimator is zero, the temporal breakdown point of this estimator is also zero. This means that only one single outlier is enough to 'break' the estimator. Ma & Genton (2000) showed that the maximum temporal breakdown point of the highly robust autocovariance estimator is 25%, which is the highest possible breakdown point for an autocovariance estimator.
Results of the asymptotic properties of the robust autocovariance function for a Gaussian ARFIMA model are summarized as follows (see Lévy-Leduc et al. (2011a) ).
Short-memory case
Let {X t } t∈Z be a stationary mean-zero Gaussian process given by Model 1.1
The following theorems present the asymptotic behavior of the robust autocovariance estimator.
Theorem 3.1. Let h be a non-negative integer. Under the assumption that the autocovariances are absolutely summable, the autocovariance estimator γ Q (h, X 1:n , Φ) satisfies the following Central Limit Theorem:
where ψ is a function of γ(h) and of IF (see, Theorem 4 in Lévy-Leduc et al. (2011a) ).
Long-memory case
Now, let d = 0 in Model 1.1 and let D = 1 − 2d. The ACF behaves like
where L is slowly varying at infinity and is positive for large h. Note that, for positive d, as previously stated, the ACF of the process is not absolutely summable.
Theorem 3.2. Let h be a non negative integer. Then, γ Q (h, X 1:n , Φ) satisfies the following limit theorems as n tends to infinity.
where ψ is a function of γ(h) and of IF (see, Theorems 4 and 5 in Lévy-Leduc et al. (2011a) ). 54, respectively, in Lévy-Leduc et al. (2011a) , and
Remark 2. For Model 1.1 with 1/4 < d < 1/2, the robust autocovariance estimator γ Q (h, X 1:n , Φ) has the same asymptotic behavior as the classical autocovariance estimator γ x (h).
Theories related to the use of the robust ACF function to obtain an spectral estimate are still opened questions. However, this was first empirically investigated by Fajardo et al. (2009) . The authors considered a robust estimator of the spectral density based on the robust ACF function when the time series follows an ARFIMA Model. Their estimation method is discussed in the next sub-section.
The sample spectral function
The results discussed in the previous sections and the spectral representation of a stationary process justify the use of the robust ACF function in the calculus of an estimator of a spectral density.
As previously stated, for the stationary process {X t } t∈Z , the spectral density is a real-valued function of the Fourier transform of the autocovariance function, that is,
where γ X (·) is the autocovariance of the process. Equation 3.6 suggests to replace γ X (·) by its estimate to obtain an estimate of f X (ω). The periodogram function is the classical tool to estimate the spectral function. Other variants of the periodogram are called smoothed window periodogram (see, e.g., Priestley (1981) ). In the same direction, Fajardo et al. (2009) suggested to use the robust autocovariance function as an estimator of the classical ACF to obtain a robust spectral function. Although the theoretical justification of this estimator is still an opened question, the authors have empirically shown that the robust spectral estimator can be an alternative method to estimate a time series with outliers. A robust spectral estimator is
where γ Q (h) is the sample autocovariance function given in Equation 3.3 and κ(h) is defined as
κ(h) is a particular case of the lag window functions used in classical spectral theory to obtain a consistent spectral estimator, and M is the truncation point which is a function of n, say M = G(n), where G(n) must satisfy G(n) → ∞, n → ∞, with
is usually chosen to be G(n) = n β , where 0 < β < 1 (see, e.g. Priestley (1981, pp. 433-437) ). Note that, equivalently to the classical spectral estimation theories, other different lag window functions can be used to obtain a robust spectral estimator. Since Equation 3.7 does not have the same finite-sample properties as the periodogram, it is defined here as robust truncated pseudo-periodogram. For large h, the numbers of observations in the calculus of γ Q (h) are very small and, consequently, this function becomes very unstable. Then, to avoid these undesirable covariance estimates in the calculus of the estimator given in Equation 3.7 justify the use of a truncation point M in the calculus of this sample function (see Fajardo et al. (2009) ). The authors suggested M that satisfies
Semiparametric estimation methods of d and empirical studies
The semiparametric estimation procedure based on the OLS estimator proposed by Geweke & Porter-Hudak (1983) (GPH) is considered. Since the GPH estimator is well-discussed in the literature, this method and its asymptotic statistical properties are briefly summarized as follows. For a single realization x 1 , . . . , x n of {X t } t∈Z , the GPH estimate of d is obtained from the regression equation
where ω j is the Fourier frequency at j, m ′ is the bandwidth in the regression equation which has to satisfy m ′ → ∞, n → ∞, with m ′ n → 0 and
fX (ωj ) − C and C = ϕ(1) (ϕ(.) is the digamma function).
The GPH estimate of d is given by
. Under some conditions, Hurvich et al. (1998) proved that the GPH-estimator is consistent for the memory parameter and asymptotically normal for Gaussian time series processes. The authors established that the optimal m ′ in Equations 4.1 and 4.2 is of order o(n 4/5 ) and
). To obtain a robust estimator of d, Fajardo et al. (2009) proposed to replace in Equation 4.1 the log I x (ω j ) by log I Q (ω j ) which gives the following OLS regression estimator where S vv , m ′ are defined as before and I Q (ω) is the function given in Equation 3.7. As previously mentioned, the asymptotical properties of d GP HR still remains to be established. However, based on the following empirical investigation, the robust method seems to be a reasonable robust alternative method to estimate long-memory time series in the presence of additive outliers.
Numerical evaluation using the ARFIMA(0, d, 0) model
The finite series were simulated from zero-mean ARFIMA models (Eq. 1.1) with {ǫ t } t∈Z , t = 1, ..., n, i.i. d. N (0, 1) . The models, parameters, sample sizes and empirical results are displayed in the following tables. The empirical mean, standard deviation (s.d.), bias and mean squared error (MSE) were obtained as a mean of 10.000 replications. The contaminated data were generated from Model 2.6 with m = 1, p = 0.05 for magnitude ̟ = 10 and bandwidth values for d GP H and d GP HR were computed for α = 0.7 and truncation point M = n β , β = 0.7. In the tables d GP Hc and d GP HRc mean the estimates of d when the series has outliers. The simulations were carried out using the Ox matrix programming language (see http://www.doornik.com). The empirical study is divided into the following model properties: stationary and non-stationary processes. Table 1 displays results for d = 0.3, 0.45 and α = β = 0.7. From this it can be seen that when the series does not contain outliers, both estimators present similar behavior in the estimation of d, which is not a surprise result. However, the introduction of outliers in the series dramatically changes the performance of the classical estimator (GPH), in particular, it significantly underestimates the true parameter. On the other hand, in this scenario, the robust method (GPHR) seems to be not sensitive to outliers. Other cases were also simulated such as ARFIMA models with AR and MA parts and different values of p and ̟. All cases indicated similar conclusions to the one given in Table 1 . These are available upon request. Table 2 gives the estimates of d when different lag-windows are used to compute the robust periodogram estimator. The lag-windows are Parzen (P), Tukey-Hamming(TH) and Bartlett (B) and the fractional estimators were computed with the same bandwidths as in the previous case and the results are in Table 2 . The choice of the lag-window does not appear to be too important in the estimation of d since the estimates obtained from different lag-windows are, in general, numerically very close to each other, that is, the estimates are not too sensitive to the choice of the lag-window. These lag-windows yield similarly accurate estimates compared to the one given in Equation 3.7.
Stationary model
Non-stationary model
As is well-known, the GPH estimator has been widely used even in the case when the ARFIMA model has d in (0.5, 1.0] (see, for example, Franco & Reisen Table 1 Simulation results: ARFIMA(0, d, 0) model with α = β = 0.7 and ̟ = 0, 10. Hurvich & Ray (1995) , Olbermann et al. (2006) , Phillips (2007) among others). Based on the theory discussed in the previous sections, the robust method can not be applied in a non-stationary time series. However, it may be interesting to verify if GPHR estimator is invariant to the first difference, i.e. the estimative of memory parameter based on the original data is equal to one plus the estimated d based on the differenced data. Now, let Model 1.1 be defined with parameter d * = d + κ, where d ∈ (−0.5, 0.5), κ > 0, κ ∈ Z. Then, Model 1.1, with zero-mean, becomes
(4.4)
Process given in Equation 4.4 is non-stationary when d * ≥ 0.5; however, it is still persistent. For d * ∈ [0.5, 1.0) it is level-reverting in the sense that there is no long-run impact of an innovation on the value of the process. The levelreversion property no longer holds when d * ≥ 1. Note that when d * = 1 the process is a random walk.
From Model 4.4 with κ = 1 and p = q = 0
is an ARF IM A(0, d, 0) process. Letd * be the estimator of d * andd the fractional estimator obtained from the differenced data. The main goal is to verify imsart-generic ver. 2011/11/15 file: reisenfajardo.tex date: December 30, 2011 the equalityd * =d + 1 for uncontaminated and contaminated series. Based on the same simulation procedure previously described, series from Model 4.4 were generated and some cases are displayed in Table 3 (other cases are available upon request). Similar conclusions to the previous study are observed. Both estimators present equivalent performance when they are applied in the first difference of uncontaminated series. This suggests that both can be used in practical situations when dealing with non-stationary data. However, since the first difference does not eliminate the effect of an outlier, the estimates clearly indicate that caution has to be exercised when there is suspicion of outliers in the data. The GPH estimator presents poor performance in terms of bias (high positive bias) and M SE. In contrast to the GPH estimator, the GPHR method seems to be invariant to the first difference of non-stationary time series with outliers. This empirical study suggests that, in practical situations when dealing with non-stationary data with outliers, one solution is to apply the first difference in the series and then to estimate d with the robust estimator discussed in this paper. Figure 1 , these suggest that the series is stationary and possess long-memory behavior. From the data and using the methodologies previously discussed, the parameter d is estimated and the estimates are displayed in Table 5 . For this application, the estimates d are computed from the original data (OD) and from the modified data (MD) where the observations of February 1999 , October 2002 and November 2002 are replaced by the sample mean of the series. This analysis is a simple exercise to verify the robustness of the estimators in a real application and, also, to investigate whether the data contains outliers. The d ′ estimates of OD and MD series are given, respectively, on the left and the right side of Table 5 . These estimates were calculated using different bandwidths in Equation 4.2(m ′ = n α ) and β was fixed as in the simulation study. In both series, for a fixed α, the robust methods present similar results. The estimates maintain the same empirical property across the bandwidth values. In contrast to the robust methods, the classical GPH estimator gives estimates that dramatically change from OD to MD data showing that the observations replaced by the mean are possible atypical data. 
Concluding remarks and future direction
This paper investigates the effect of outliers in the estimation of the fractional parameter d in the ARFIMA(p, d, q) model and, also, discusses the asymptotical and empirical properties of the robust autocovariance and spectral estimators, previously given in Fajardo et al. (2009) and Lévy-Leduc et al. (2011a) , for the case of time series with short and long-memory properties. These studies support the use of the robust estimators to estimate the long-memory parameter when Gaussian long-memory time series are contaminated with additive outliers. Nonstationary time series with outliers are also studied and the investigation reveals 
Original time series
Modified time series Estimator α = 0.5 α = 0.6 α = 0.7 α = 0.8 α = 0.5 α = 0.6 α = 0.7 α = 0. that the robust method can be used as an alternative estimation procedure in time series with fractional differences. As previously stated, the asymptotical properties of the robust estimator under the study still remain to be investigated. The robust ACF method discussed here has also been used in other contexts such as in the estimation of periodic process (Sarnaglia et al. (2010) ) and in seasonal ARFIMA processes (this is one of the current research of the authors).
